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Abstract. An analysis is given of the dynamic of a one-degree-of-freedom oscillator with quadratic and cubic non-
linearities subjected to parametric and external excitations having incommensurate frequencies. A new method is
given for constructing an asymptotic expansion of the quasi-periodic solutions. The generalized averaging method
is first applied to reduce the original quasi-periodically driven system to a periodically driven one. This method can
be viewed as an adaptation to quasi-periodic systems of the technique developed by Bogolioubov and Mitropolsky
for periodically driven ones. To approximate the periodic solutions of the reduced periodically driven system,
corresponding to the quasi-periodic solution of the original one, multiple-scale perturbation is applied in a second
step. These periodic solutions are obtained by determining the steady-state response of the resulting autonomous
amplitude-phase differential system. To study the onset of the chaotic dynamic of the original system, the Melnikov
method is applied to the reduced periodically driven one. We also investigate the possibility of achieving a suitable
system for the control of chaos by introducing a third harmonic parametric component into the cubic term of the
system.

Keywords: Quasi-periodic excitation, perturbation analysis, generalized averaging, multiple scales, Melnikov
technique, suppression of chaos.

1. Introduction

This paper is concerned with the study of the dynamic response of a one-degree-of-freedom
system with both quadratic and cubic nonlinearities subjected to combined parametric and
external excitation having incommensurate frequencies in the form

ẍ + αẋ + ω2
0(1+ h cos(νt))x + βx2 + ξx3 = γ cos(ωt), (1)

where dampingα, nonlinearitiesβ andξ , parametric excitation amplitudeh, frequencyν and
external excitation amplitudeγ are small. An overdot denotes differentiation with respect to
time t ; we assume that the frequencyω is close toω0. Equation (1) can serve as model of
the one-mode vibration of a heavy elastic structure suspended between two fixed supports
at the same level and excited by a quasi-periodic forcing. From a physical point of view, the
quadratic term may be due to the curvature of the structure, whereas the cubic term may be due
to the symmetric nonlinearity of the material. The parametric term may be due to a harmonic
axial load.

The behavior of this type of equation with periodic forcing has been investigated exten-
sively by many researchers. For instance, Nayfeh [1] investigated the steady-state (periodic)
solutions of Equation (1) withγ = 0 using a perturbation method. Chaotic behavior has been
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observed in computerized simulations. Zavodney et al. [2, 3] studied the external driven case
(h = 0) using the multiple scales method and analyzed the weakly nonlinear dynamic of
the system. Chaotic motion was also studied numerically. Szemplinska-Stupnicka et al. [4]
considered the parametric excitation case (γ = 0) and derived approximate criteria for the
onset of chaos. Parametrically excited nonlinear oscillators have also been investigated by
Nayfeh [5], Lin et al. [6] and others.

Furthermore, the problem of controlling chaotic motion in a periodically forced oscillator
has been considered in recent years. Lima and Pettini [7] investigated the control of chaos in
the Duffing–Holmes oscillator (Equation (1) withβ = 0, h = 0) with a negative linear stiff-
ness. It has been shown analytically that a small nonlinear resonant parametric perturbation
can suppress chaos. This result has been confirmed experimentally by studying a bistable
magnetoelastic beam system and introducing parametric periodic perturbation [8]. For an
extensive review of methodologies of this topic, see [9].

In contrast to the periodically driven systems, the investigation of quasi-periodically driven
oscillators of type (1) has received little attention. Ness [10] considered a system of type (1)
with cubic nonlinearity only and performed the averaging method to investigate resonance
phenomena and stability. Moon and Holmes [11] reported an experimental study and devel-
oped the so-called double Poincaré section to study the dynamics and strange attractors of a
quasi-periodically forced mechanical oscillator. HaQuang et al. [12] analyzed the interaction
between parametric and external excitations in the particular caseω = ν of the system (1) and
studied solutions using the multiple scales method and numerical calculations. Szabelski and
Warminski [13] considered a self-excited system with parametric and external excitations and
analyzed the influence of the self-excitation in the commensurate case 2ω = ν. The analysis
stability of a quasi-periodically forced linear Mathieu oscillator was also conducted by Rand
et al. [14] using regular perturbation, harmonic balance method and numerical simulations.
Yagazaki and co-workers [15, 16] studied the dynamics of a system of type (1) with a cubic
nonlinear term. The standard Van der Pol averaging transformation and the second-order av-
eraging method were applied to obtain a reduced periodic system. A linear approximation of
periodic solutions of the reduced system and chaotic dynamics was reported.

The aim of this work is twofold. First, we construct an explicit analytical approximate
solution of quasi-periodic oscillations and we analyze the system control parameter space for
the possible occurrence of chaotic responses by means of the Melnikov method. The second
aim concerns the realization of a suitable control system by introducing a third harmonic
parametric component into a nonlinear term.

To construct an analytical approximation of the quasi-periodic solutions, a new method
requiring two steps is proposed. The first step mainly consists of transforming the original
quasi-periodic system (1) to a reduced periodically driven one using the generalized averaging
method. To approximate the periodic solutions of the reduced system, corresponding to the
quasi-periodic solution of Equation (1), we apply the multiple scales perturbation method
in a second step. This technique gives us new autonomous differential system whose fixed
points are amplitudes and phases of the previous periodically driven system. The steady-state
solutions of this second reduced amplitude-phase system correspond precisely to the quasi-
periodic solutions of the initial system (1).

The second purpose of this work is mainly concerned with the suppression of chaotic
motions of the system (1). Applying the Melnikov technique [17] to the reduced system with
periodic coefficients, we approximate the homoclinic diagram bifurcation. By introducing a
third harmonic component (resonant parametric perturbation) into the cubic nonlinear term
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of the original system (1), we realize a suitable system for control of chaos in the system.
More precisely, if the parameters of the system (1) are such that the system is in chaotic state,
we are interested in its possible suppression by introducing resonant parametric perturbation
involving a third frequency in the system.

In Section 2 we investigate fixed points and quasi-periodic motions of the system (1)
including homoclinic orbits of the corresponding Hamiltonian system. The generalized av-
eraging and multiple scales perturbation methods are successively performed to reduce the
original quasi-periodic system twice. Section 3 is devoted to the onset of chaotic motions
of the first reduced system with periodic coefficients using the Melnikov technique. In Sec-
tion 4 we study the suppression of chaos of the system (1). Section 5 is devoted to numerical
simulations. We conclude in Section 6 with a discussion of our results.

2. Quasi-Periodic Motions

In this section we develop a new strategy to construct an analytical approximation of quasi-
periodic solutions of the system (1), combining the generalized averaging and the multiple
scales techniques. We start with the application of a modified generalized averaging method to
obtain a reduced differential system with periodic coefficients. The multiple scales technique
is then performed to approximate the periodic solutions of this reduced system corresponding
to the quasi-periodic solution of the original one.

2.1. GENERALIZED AVERAGING THEORY AND REDUCED SYSTEM

Let us construct an approximation of the quasi-periodic solutions of Equation (1) close to the
external resonance of orderq. We then imposeω2

0 = (pω/q)2 + δ, whereδ is a detuning
parameter;p andq are relatively prime. We introduce two small parametersε andµ, such

that 0< ε � µ � 1 and letα = µα̃ = µε2 ˜̃α, γ = εγ̃ , ν = εν̃, β = εβ̃, h = µh̃ = µε2 ˜̃h,

ξ = ε2 ˜̃ξ andδ = ε2δ̃. Then the system (1) becomes

ẍ +
(

p

q
ω

)2

x = ε[−β̃x2 + γ̃ cos(ωt)]

+ ε2[−δ̃x − µ ˜̃αẋ − µ
˜̃
h(pω/q)2 cos(ν̃τ )x − ξ̃ x3] + · · · . (2)

We immediately see that this system (2) contains a ‘fast’ timet and a ‘slow’ timeτ = εt ,
which are assumed to be independent.

Using the generalized averaging technique [18], adapted principally in this study to the
quasi-periodically driven oscillators [19], the approximation of quasi-periodic solutions of
Equation (2) is sought in the form

x = a cos
(

p

q
ωt + θ

)
+ εU1

(
a,

9

p
,
q

p
θ, ν̃τ

)
+ ε2U2

(
a,

9

p
,
q

p
θ, ν̃τ

)
+ · · · , (3)

{ da
dt
= εA1(a, θ, ν̃τ )+ ε2A2(a, θ, ν̃τ )+ ε3A3(a, θ, ν̃τ )+ · · · ,

dθ
dt
= εB1(a, θ, ν̃τ )+ ε2B2(a, θ, ν̃τ )+ ε3B3(a, θ, ν̃τ )+ · · · ,

(4)

where9 = (p/q)ωt + θ , and the unknown coefficientsAi,Bi (2π -periodic in bothθ and
νt) are determined by the condition that secular terms vanish in the correction functions
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U1, U2 (2π -periodic inθ , ωt andνt). The amplitudea and the phaseθ of the quasi-periodic
solution (3) are assumed to vary with time according to Equation (4). To be more general in
our analysis, let us retainp andq in the formulation. Thereby, we can obtain an approximation
in the vicinity of several resonances simultaneously. Applying the same process as given in
[20] to Equation (2), we obtain the following second-order approximation of the solution

x = a cos
(

p

q
ωt + θ

)
+ εU1

(
a,

9

p
,
q

p
θ, ν̃τ

)
,

da

dt
= − q

2pω

{
ε[δq,pF

(1)
q,−1(a, ν̃τ ) sin(qθ/p)]

+ ε2[sg(q − p)δq−p,pF
(2)
q−p,−1(a, ν̃τ ) sin(qθ/p)+G

(2)
p,0(a, ν̃τ )]

}
,

dθ

dt
= − q

2paω

{
ε[δq,pF

(1)
q,−1(a, ν̃τ ) cos(qθ/p)]

+ ε2[sg(q − p)δq−p,pF
(2)

q−p,−1(a, ν̃τ ) cos(qθ/p)+ F
(2)

p,0(a, ν̃τ )]

}
, (5)

where

F
(2)
p,0(a, ν̃τ ) = −aδ̃ − 3

4
ξ̃ a3 + 5

6

q2β̃2

p2ω2
a3 − µa

(
pω

q

)2 ˜̃
h cos(ν̃τ ),

G
(2)
p,0(a, ν̃τ ) = µ ˜̃αpω

q
a, F

(1)
q,−1(a, ν̃τ ) = γ̃

and

F
(2)
q−p,−1(a, ν̃τ ) = (δq,p − 1)

(1− (q/p)2)

q2β̃γ̃

p2ω2
a.

The sg(·) is the sign function andδi,j is the Kronecker symbol. According to the expressions
(5), this expansion to second order allows us to study two resonances simultaneously, namely,
p = 1; q = 1 andp = 1; q = 2. Indeed,δi,j is different from zero for these values ofp

andq. Hereafter, we consider the fundamental resonance case:p = 1; q = 1. Note that the
casep = 1; q = 2 can be treated similarly. Hence, the system (5) reduces to the following
nonautonomous amplitude-phase system

dJ
dt
= −γ

2ω

√
2J sin(θ)− µ(α̃J ),

dθ
dt
= δ

2ω
+ A0

4ω
J − γ

2ω
√

2J
cos(θ)+ µ

(
h̃ω
2 cos(νt)

)
,

(6)

wherea2 = 2J andA0 = 3ξ − 10β2/3ω2. The periodic solutions of the periodically driven
system (6) correspond to the quasi-periodic solutions of (1). Let us consider the autonomous
caseµ = 0, which we refer to as the unperturbed system, in the form

dJ
dt
= −γ

2ω

√
2J sinθ,

dθ
dt
= δ

2ω
+ A0

4ω
J − γ

2ω
√

2J
cosθ.

(7)

The fixed points of these modulation Equations (7), corresponding to dJ/dt = dθ/dt = 0,
are the roots of the cubic equation

AJ 3+ BJ 2+ CJ +D = 0, (8)
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Figure 1. Bifurcation curves of quasi-periodic solutions in the(γ,ω) plane forξ = 2, β = 1 andω0 = 1.

with A = 1,B = 4(δ/A0), C = (2δ/A0)
2 andD = −2(γ /A0)

2. By writing J = R−(B/3A)

in Equation (8) we obtain

R3+ PR +Q = 0, (9)

which gives a real solution when one of the following conditions are satisfied (see the corre-
sponding region in the parameter space, Figure 1).{

1 < 0 or 1 = 0 or 1 > 0,

δA0 < 0.
(10)

The quantity1 = (P/3)3 + (Q/2)2 is the discriminant of Equation (9) in whichP =
(C/A) − (B2/3A2) and Q = (2/27)(B/A)3 − (BC/3A2) + (D/A). Figure 1 illustrates
the bifurcation curves of quasi-periodic solutions of Equation (1) for the parameter values
ξ = 2, β = 1 andω0 = 1. Three regions can be distinguished corresponding to different
frequencies. In both hatched regions, there exist three fixed points, two centers and one saddle,
whereas in the unhatched region only one center exists. The Hamiltonian energy related to the
unperturbed system (7) is given by

H(J, θ) = δ

2ω
J + A0

8ω
J 2− γ

2ω

√
2J cosθ. (11)

We now describe this integrable structure, which will be used in the following sections.
Hereafter we consider the caseδA0 < 0 and1 < 0. Hence, there exist two centers (J, θ) =
(j1, θ1), (j3, θ3) and a hyperbolic saddle (J, θ) = (j2, θ2) such that 0< j1 < j2 < j3. Denote
these fixed points byc1, s2 andc3, respectively. The level set which is given by

H(J, θ) = H(j2, θ2) = H0, (12)
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is composed of two homoclinic orbits0+, 0−, and the fixed points2. The homoclinic orbits,
(J±(t), θ±(t)), are given by

J±(t) = G±(t)+ j2,

θ±(t) = arccos

[
1

γ
2ω

√
2J±(t)

(
δ

2ω
J±(t)+ A0

8ω
J 2±(t)−H0

)]
,

(13)

where

G±(t) =
 ±

2c+c−
(c+−c−)cosh(ct)±(c++c−)

if A0 > 0,

∓ 2c+c−
(c+−c−)cosh(ct)∓(c++c−)

if A0 < 0,

c = |A0|
8ω

√−c+c−, c± = 2(k ±√2kj2) and k = −2
δ

A0
− j2.

2.2. PERIODIC ORBITS OF THEREDUCED SYSTEM BY MULTIPLE SCALES TECHNIQUE

To determine the periodic solutions of the reduced system (6), it is convenient to transform
the polar form (6) using the variable change

u = √2J cosθ, ν = −√2J sinθ, (14)

to the Cartesian one
du
dt
= δ

2ω
ν + A0

8ω
ν(u2+ ν2)+ µ

(
− α̃

2 u+ h̃ω
2 ν cos(νt)

)
,

dν
dt
= γ

2ω
− δ

2ω
u− A0

8ω
u(u2+ ν2)+ µ

(
− α̃

2 ν − h̃ω
2 u cos(νt)

)
.

(15)

To approximate the periodic orbits of the reduced (averaged) system (6), Yagazaki et al.
[15] set the periodic solutions (Ji(t), θi(t)) with i = 1, 2, 3, in the vinicity of the stationary
solutions in the form{

Ji(t) = ji + µζi(t),

θi(t) = θi + µηi(t),
(16)

where (ji, θi) are the fixed points of the system (7) andζi(t), ηi(t) are perturbative functions.
By substituting these last expressions in the reduced system (6), the functionsζi(t) andηi(t)

are determined by solving a linear differential system. This gives a simple expression ofζi and
ηi in the formζi(t) = Ai cos(νt) andηi(t) = Bi sin(νt)+Ci , whereAi,Bi, Ci, are constants
depending on the parameters of the system andji. In this approach, a linear approximation of
the periodic solutions of the reduced system (6) is obtained close to the stationary solutions of
Equation (7).

In this section, we propose a new strategy to approximate the periodic solutions of the
reduced system (6). More precisely, we directly attack the transformed reduced system (15) by
constructing an asymptotic expansion of the periodic solutions close to the stationary solutions
using the multiple scales technique [21], realizing a nonlinear approximation of the periodic
solutions instead of the linear one [15].
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Hence, the second-order uniform approximate solution of the system (15) can be sought in
the form{

u(t;µ) = u0+ µu1(T0, T1, T2)+ µ2u2(T0, T1, T2)+ · · · ,
ν(t;µ) = ν0+ µν1(T0, T1, T2)+ µ2ν2(T0, T1, T2)+ · · · , (17)

whereTn = µnt and (u0, ν0) denotes the fixed point of the unperturbed system (7) given in
the Cartesian form (14). In terms of the variablesTn, the time derivative becomes d/dt =
εD1+ ε2D2+ · · ·, whereDn = ∂/∂Tn.

Substituting Equation (17) into Equation (15) and equating coefficients of same powers of
µ, one obtains the following systems{

D2
0u1+�2u1 = −f̃ cos(νt),

ν1 = A0
8ωk

(
α̃
2 u0+D0u1

)
,

(18a,b)


D2

0u2+�2u2 = −
(

α̃
2

)2
u0− A0γ

16ω2 (3u2
1+ ν2

1)− α̃D0u1− 2D0D1u1

− f̃

u0
u1 cos(νt)+ A0u0

4ω
D0(u1ν1)+ h̃ω

2 D0(ν1 cos(νt)),

ν2 = A0
8ωk

(
D0u2+D1u1− A0u0

4ω
u1ν1+ α̃

2 u1− h̃ω
2 ν1 cos(νt)

)
,

(19)

D2
0u3+�2u3 = − α̃

2
D0u2−D0D1u2 −D0D2u1

+ h̃ω

2
D0(ν2 cos(νt))+ A0

8ω
D0[ν1(u

2
1+ ν2

1)]

+ A0u0

4ω
D0(ν1u2+ ν2u1)− 8ωk

A0
(D1ν2+D2ν1)− 4ωα̃k

A0
ν2

− f̃

u0
u2 cos(νt)− k[u1(u

2
1+ ν2

1)+ 6u0u1u2+ 2u0ν1ν2], (20)

where

� =
[(

δ

2ω
+ A0

8ω
u2

0

)(
δ

2ω
+ 3A0

8ω
u2

0

)]1/2

is the proper frequency of the system (15),

f̃ = h̃ωu0

2

(
δ

2ω
+ A0

8ω
u2

0

)
and

k = A0

8ω

(
δ

2ω
+ A0

8ω
u2

0

)
.

To study the weakly nonlinear fundamental oscillations close to the subharmonic resonances
of order m/n and to construct the approximate solutions near these resonances, say� ∼=
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(m/n)ν, we introduce the detuning parameterσ according toν = (n/m)� + σ and write
σ = µ2σ̃ andνT0 = (n/m)�T0 + σ̃ T2. Note that these subharmonic solutions can only be
constructed in the vicinity of a center. Then, Equation (18a) becomes

D2
0u1+�2u1 = − f̃

2
eiσ̃T2 ei(n/m)�T0 + cc. (21)

The solution of this can be expressed in the following complex form

u1 = − (1− δn,m)

2�2
(
1− n2

m2

) f̃ eiσ̃ T2ei(n/m)�T0 +A(T1, T2) ei�T0 + cc, (22)

where ‘cc’ stands for complex conjugate andA(T1, T2) is the slowly varying complex ampli-
tude determined from the higher order expansion.

In this work we focus our attention on the resonance casen = 2;m = 1. The analysis of
the other resonances can be carried out similarly.

Removal of secular terms at the second order and then at the third order leads to the two
following solvability conditions, respectively

C1+ C(n/m)−1 = 0, (23)

Q1+Q(n/m)−1 = 0, (24)

whereC1, C(n/m)−1,Q1 andQ(n/m)−1 depend on the parametersA, u0, �, n, m, σ̃ , α̃, h̃, δ, γ

andA0.
These equations can be combined to describe the modulation of the complex amplitude to

the third order with respect to the original time. Combining Equations (23) and (24) in the
expression d/dt = εD1+ ε2D2+ · · · yields

−2i�Ȧ + i
[
µCA

1 A+ µ2(QĀeiσ̃ T2
1 +QĀeiσ̃T2

(n/m)−1)Ā eiσ̃ T2

]
+ µ2(QA

1 +QA
(n/m)−1+QĀA2

1 AĀ)A+ µCĀeiσ̃ T2

(n/m)−1Āeiσ̃T2 = 0, (25)

where

C1 = −2i�D1A+ iCA
1 A, C(n/m)−1 = CĀeiσ̃T2

(n/m)−1Āeiσ̃T2,

Q1 = −2i�D2A+QA
1 A+QĀA2

1 ĀA2+ iQĀeiσ̃T2
1 Āeiσ̃T2,

Q(n/m)−1 = iQĀeiσ̃ T2

(n/m)−1Āeiσ̃T2 +QA
(n/m)−1A.

The expressionsCA
1 , CĀeiσ̃ T2

(n/m)−1, QA
1 , QĀA2

1 , QĀeiσ̃T2
1 , QĀeiσ̃T2

(n/m)−1 andQA
(n/m)−1 are given in Ap-

pendix 1.
By letting A = (1/2)ase

iβs whereas andβs are real functions, substituting into Equa-
tion (25), separating real and imaginary parts and solving, we obtain the second reduced
modulation autonomous system

das

dt
= E

2�
as + F

2�
as cos 2θs + G

2�
as sin 2θs,

as
dθs

dt
= σ�+H

2�
as + Aµ

2�
a3

s + G
2�

as cos 2θs − F
2�

as sin 2θs; θs = σ
2 t − βs,

(26)
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whereE,F,G,H andAµ are given in Appendix 1. The periodic solutions of Equation (15)
or (6) correspond precisely to the stationary solutions of the system (26) given by setting
das/dt = 0 and dθs/dt = 0. Hence it follows on the one hand thatas = 0 is a possible
solution and, on the other hand, combining the above Equations (26) leads to

Asa
4
s + 2Bsa

2
s + Cs = 0, (27)

whereAs = A2
µ,Bs = DAµ,Cs = D2+ E2− (G2+ F 2) andD = σ�+H .

Equation (27), governing the steady-state response, gives real and positive solutions in the
form a2

s1,s2 = (−Bs ±
√

1s)/As if one of the following conditions is satisfied{
1s > 0,

Cs

As
> 0 and Bs

As
< 0,

or

{
1s > 0,

Cs

As
< 0,

(28)

where1s = B2
s−AsCs is the discriminant of Equation (27). These conditions are the threshold

for the existence of subharmonic oscillations of order one-half. The cycleS2 corresponding to
the stationary solutionas2 is a saddle while the cycleF2 corresponding toas1 is a focus. Next,
one can determine the stability of the solutionF2.

Finally, using Equations (7), (14), (17) and the solutionsun, νn determined at different
orders, the approximation up to second order of the periodic solutions of the reduced system
(15) is given by

u(t) = u0+ 1
�2 u2,0+ 1

3�2 f cos(νt)+ 2
3�2 u2,(n/m) sin(νt)

− 2
15�2 u2,(2n/m) cos(2νt)+ a cos

(
1
2 νt − θs

)
− 1

6ω2 u2,2a
2 cos

[
2
(

1
2 νt − θs

)]− 1
8�2 u2,(n/m)+1a cos

(
3
2 νt − θs

)
,

ν(t) = A0u0
16kω

α − A0
12kω�

f sin(νt)− 2ν2,(2n/m) sin(2νt)− A0�

8kω
a sin

(
1
2 νt − θs

)
+ 2ν2,(n/m) cos(νt)+ ν2,1a cos

(
1
2 νt − θs

)+ ν2,1ba sin
(

1
2 νt + θs

)
− 1

2ν2,2a
2 sin

[
2
(

1
2 νt − θs

)]
,−ν2,(n/m)+1a sin

(
3
2 νt − θs

)
− ν2,(n/m)−1a sin

(
1
2 νt + θs

)
,

(29)

where the coefficientsui,j , νi,j , the amplitudea andf are given explicitly in Appendix 2.
The response is exactly tuned to the frequency of the excitation with a phase shifted

backward by the value

θs = 1

2
tan−1

[
EG− F(D +Aµa2

s )

EF +G(D +Aµa2
s )

]
, (30)

resulting from the vanishing of Equations (26).
Figure 2 shows plots of the analytical solution of order one-half close the centerc1 obtained

by the multiple scales technique of this work (Equation (29)), the one obtained by Yagazaki
et al. [15] (Equation (16)) and the numerical simulation on the reduced system (15) using a
Runge–Kutta method. Comparing the three approaches, it can be seen from Figure 2 that the
result of our present method is nearly identical with those of the R–K method. The reason
is that the method proposed here realizes a nonlinear approximation of the periodic solutions
near the equilibrium point, instead of the linear one performed in [15].
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Figure 2. Comparison between numerical and analytical solutions of the reduced system (15) in the(u, ν) plane
for γ = 1.5, ω = 1.1, ω0 = 2, ξ = 0.5, β = 1, α = 0.001,h = 0.048 andν = 2.35. —: Approach by [15];· · ·:
Result of this work; - - - Numerical calculation.

Figure 3. Bifurcation curves of subharmonic solutions of order one-half nearc1 in the (h, ν) plane forξ = 0.5,
β = 1, ω = 1.1, ω0 = 2, α = 0.01 andγ = 1.5.

To analyze the stability of the trivial fixed point, one investigates the solutions of the
linearized equation (25). SubstitutingA = (Ar + iAi)e

i(σ̃ /2)T2 into Equation (25), whereAr

andAi are real quantities, separating real and imaginary parts, one obtains

Ȧr =
(

E + F

2�

)
Ar +

(
D −G

2�

)
Ai, Ȧi = −

(
D +G

2�

)
Ar +

(
E − F

2�

)
Ai. (31)
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Figure 4. Bifurcation curves of subharmonic solutions of order one-half nearC3 in the(h, ν) plane forξ = 0.5,
β = 1, ω = 1.1, ω0 = 2, α = 0.01 andγ = 1.5.

The trivial fixed point is unstable (saddleS0) whenCs < 0, otherwise it is a stable focusF0

if Trace(M) = E/� < 0, whereM is the Jacobian of Equations (31). Representative cases
are shown in Figures 3 and 4. The bifurcation curves (28) of periodic solutions of the reduced
system (15) in the planeh versusν for the fixed parameter valuesξ = 0.5, ω = 1.1, ω0 = 2,
β = 1, α = 0.05 andγ = 1.5 are also reported.

3. Chaotic Motions in the Reduced System

In this section we establish the criterion for homoclinic bifurcation of the reduced system (6)
using Melnikov’s method [17], which consists of evaluating the distance, measured along the
homoclinic loop, between the stable and unstable manifolds of the hyperbolic fixed point of
the associated Poincaré map. Wiggins [22] was the first to study quasi-periodically forced
Duffing oscillators where Melnikov analysis could be applied. This example established the
existence of chaotic motions. The procedure followed consists in reducing the study of an
equation of type (1) to the study of an associated three-dimensional Poincaré map obtained
by defining a three-dimensional cross-section to the four-dimensional phase space and fixing
the phase of one of the regular variables. The remaining reduced three variables that start on
the cross-section evolves in time under the action of the flow gererated by Equation (1) until
they return to the cross-section. For detailed comments and a description of this method, see
[22, 23].

We now analyze the reduced system (6) using the Melnikov technique. In this systemµ is
referred to as the perturbation parameter such that forµ = 0, the system (6) is a completely
integrable Hamiltonien system within a Hamiltonian function given by Equation (11). By
using Equations (13), the Melnikov functions for0± become
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M±(t0) =
+∞∫
−∞


[− γ

2ω

√
2J±(t) sin(θ±(t))

] (
h̃ω
2 cos(ν(t + t0))

)
−
[

δ
2ω
+ A0

4ω
J±(t)− γ cos(θ±(t))

2ω
√

2J±(t)

]
(−α̃J±(t))

 dt. (32)

Substituting Equations (13) into Equation (32) and evaluating the integral by the method
of residues, we have (in the caseA0 < 0)

M+(t0) =
4πh̃ων0 sinh

(
4ν0(π−φ0)

|A0|ρ
)

|A0| sinh
(

4ν0π

|A0|ρ
) sin(νt0)+ α̃

|A0| (3A0ρ − 8δ(π − φ0)), (33a)

M−(t0) = −
4πh̃ων0 sinh

(
4ν0φ0
|A0|ρ

)
|A0| sinh

(
4ν0π

|A0|ρ
) sin(νt0)+ α̃

|A0| (3A0ρ + 8δφ0), (33b)

where

φ0 = arccos
[
c+ + c−
c+ − c−

]
, ν0 = 2ων and ρ = √−c+c−.

Let us define

R+(A0, ν0, δ, γ ) = |3A0ρ − 8δ(π − φ0)|
4πν0

sinh
(

4ν0π

|A0|ρ
)

sinh
(

4ν0(π−φ0)

|A0|ρ
) , (34a)

R−(A0, ν0, δ, γ ) = |3A0ρ + 8δφ0|
4πν0

sinh
(

4ν0π

|A0|ρ
)

sinh
(

4ν0φ0
|A0|ρ

) . (34b)

It follows from the Melnikov theory that if

hω

α
> R+(A0, ν0, δ, γ ), or

hω

α
> R−(A0, ν0, δ, γ ), (35)

then the reduced system (6) has transverse homoclinic orbits resulting in possible chaotic
dynamics. In Figure 5, we show the homoclinic bifurcation curveshω/α = R±(A0, ν0, δ, γ )

for ξ = 2, β = 1, ω = 2, ω0 = 1 andγ = 1.15 (dashed lines). Comparison of these curves
with numerical simulation (dotted line) is also shown. Figures 6–9 illustrate the combined
effect of the nonlinearities and the effect of the external excitation on the extension of the
possible chaotic regions in the parameter space of the oscillator (1).

4. Suppression of Chaos

In this section we devote our attention particularly to the problem of suppression of chaos in
the original quasi-periodically driven oscillator (1) close to the fundamental resonance case
p = 1; q = 1.

To analyze the suppression of chaos in the original system (1), we introduce a third har-
monic parametric component into the cubic nonlinear term of the system (1) as
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Figure 5. Homoclinic bifurcation curves (caseA0 < 0) in the(hω/α, ν0) plane forξ = 2, β = 1, γ = 1.15,
ω = 2 andω0 = 1.

Figure 6. Quadratic nonlinearity effect on the analytical chaotic regions forξ = 2, γ = 0.1, ω = 0.37 and
ω0 = 1.

ẍ + αẋ + ω2
0(1+ h cos(νt))x + βx2 + ξ(1+ η cos(�t))x3 = γ cos(ωt). (36)

Note that the introduction of the quadratic resonant parametric perturbation for controlling
chaos can also be analyzed similarly.

Let η = µη̃ and� = ε�̃, such thath andξη are evaluating at the same order in both
smallness parametersε and µ. Using the same averaging process as above, we obtain the
following reduced system
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Figure 7. Cubic nonlinearity effect on the analytical chaotic regions forβ = 1, γ = 1.5, ω = 0.7 andω0 = 2.

Figure 8. The effect of frequency of external excitation on the analytical chaotic regions forβ = 1, γ = 1.5,
ξ = 0.5 andω0 = 2.


dJ
dt
= −γ

2ω

√
2J sin(θ)− µ(α̃J ),

dθ
dt
= δ

2ω
+ A0

4ω
J − γ

2ω
√

2J
cos(θ)+ µ

(
h̃ω
2 cos(νt)+ 3η̃ξ

4ω
J cos(�t)

)
.

(37)

It can immediately be seen that by settingη = 0 in the perturbed system (37), we recover the
unperturbed system (6).

Therefore, the corresponding Melnikov distance of Equation (37) for0+ (in the caseA0 >

0) is now given by
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Figure 9. The effect of amplitude of external excitation on the analytical chaotic regions forβ = 1, ξ = 2,
ω = 0.7 andω0 = 2.

1(t0) = 10(t0)+ 3ξη

4ω

+∞∫
−∞

[
− γ

2ω

√
2J±(t) sin(θ±(t))

]
(J±(t) cos(�(t + t0))) dt. (38)

where

10(t0) = µM+(t0) = −
4πhων0 sinh

(
4ν0φ0
|A0|ρ

)
|A0| sinh

(
4ν0π

|A0|ρ
) sin(νt0)+ α

|A0| (3A0ρ + 8δφ0), (39)

is the Melnikov function corresponding to the unperturbed system (6). We denote byM
η
±(t0)

the integral in the right-hand side of Equation (38) related to the resonant parametric pertur-
bation introduced in the original system (36). This integral can be performed by the method
of residues for0+ to yield (caseA0 > 0)

M
η
+(t0) =


−6πξη�0j2 sinh

(
4�0φ0|A0|ρ

)
|A0|ω sinh

(
4�0π

|A0|ρ
)

+ 3πξη�0
2|A0|ω

[
8�0 cosh

(
4�0φ0|A0|ρ

)
|A0| sinh

(
4�0π

|A0|ρ
) − (c+ + c−)

sinh
(

4�0φ0|A0|ρ
)

sinh
(

4�0π

|A0|ρ
) ]

 sin(�t0), (40)

where�0 = 2ω�. With obvious notation, we can rewrite Equation (38) in the following form

1(t0) = A(ν0) sin(νt0)+ B(�0) sin(�t0)+ C, (41)

where the quantitiesA(ν0), B(�0), andC are given according to Equations (39) and (40).
To afford a better understanding of the discussion below, in Figure 10, we have plotted the

functionsA(ν0), B(�0) andC. First, assume that the system (1) is in a chaotic state for which
homoclinic transverse orbits exist. Hence, the Melnikov distance10, corresponding to the
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Figure 10. Plot of functionsA(ν0) andB(�0) for ω = 3, ω0 = 2, γ = 1.5, β = 1, ξ = 0.5, η = 0.1, h = 0.088
andα = 0.005.

unperturbed system (6), changes sign at somet0. In this case, the condition to be satisfied is
|A(ν0)|− |C| = d > 0. Moreover, if|B(�0)| < d, it is easy to see from Equation (41) that for
somet0, 1(t0) will change sign and then the situation remains unchanged. Furthermore, if the
frequency of the resonant parametric perturbation� is in resonance with the driven frequency
ν, a necessary and sufficient condition [7] for1(t0) to be positive for allt0 is given by

|B(�0)| > d. (42)

More precisely, this condition provides a domain on the parameter plane (η,�) of the
resonant parametric perturbation on which the chaotic behavior in the original system is
suppressed.

In Figure 11, and according to the condition (42), we illustrate the regions, in the parameter
plane (η,�0), in which the chaotic behavior of the system (1) can be suppressed. The region I
corresponds to a regular motion for which condition (42) is satisfied. In the region II the
system still exhibits chaotic behavior.

5. Numerical Simulations

To support our analytical prediction of the control of chaos in Equation (1), we have performed
computer simulations of the reduced system (37) which can be written in the Cartesian form

u̇ = δ
2ω

ν − α
2 u+

[
A0
8ω
+ 3ηξ

8ω
cos(�t)

]
(u2+ ν2)ν + hω

2 cos(νt)ν,

ν̇ = γ

2ω
− δ

2ω
u− α

2 ν −
[

A0
8ω
+ 3ηξ

8ω
cos(�t)

]
(u2+ ν2)u− hω

2 cos(νt)u.
(43)

These differential equations are integrated numerically with those of the dynamics in tan-
gent space of the system (43) by using the fourth-order Runge–Kutta method. We then extract
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Figure 11. Suppression of chaos threshold in the(η, �0) plane forω = 2, γ = 1.15, ω0 = 1, β = 1, α = 0.1,
ν = 0.5, h = 0.574 andξ = 2.

the Lyapunov characteristic exponents by applying the Gram–Schmidt orthonormalization
procedure [24]. The units for the exponents are bits/sec.

First, we choose some arbitrary set of parameters for the unperturbed part (η = 0) of
Equations (43), such that the Melnikov criterion is largely satisfied. We ensure numerically
that chaos is actually present after having eliminated a long transient. This character is also
confirmed by the positiveness of the leading Lyapunov exponent. For the set of parameters
η = 0, ξ = 2,β = 1,α = 0.1,ω0 = 1,ω = 2,γ = 1.15,h = 0.574 andν = 0.5, the solution
of Equations (43) is chaotic with a leading Lyapunov exponent equal to aboutλ1 = 0.057.

Consider now the effect produced by adding a small perturbation withη = 0.25 and
η = 0.03, respectively. The relevant maximal Lyapunov exponentλ versus� is presented
in Figures 12 and 13. The important conclusion which follows from such dependences is
twofold. First, the leading Lyapunov exponent vanishes and becomes negative around some
multiples and submultiples of the forcing frequencyν, and thus the regular motion is actually
recovered. Second, the values ofλ(�), computed off-resonance withη 6= 0, are close to the
unperturbed (η = 0) value ofλ. The dotted line corresponds to the unperturbed value ofλ

obtained atη = 0.
The numerical computations show that the analytical prediction given by the condition

(42) overestimates the threshold for the value ofη. Figure 11 reports that, for a given set
of parameters of the unperturbed system, the valueη = 0.03 (dotted line) is not sufficient
to suppress chaos while numerical simulations (Figure 13) already giveλ(�) = 0 for the
frequencies� = (3/5)ν, (6/5)ν and (13/5)ν. For η = 0.25 (dashed line) the expected
resonant frequencies to eliminate chaos belong to the range�c1 ≤ � ≤ �c2 (see Figure 11;
�c1 = 0.05 and�c2 = 1.94). Numerically, one observes in Figure 12 several values of�,
belonging to the interval[�c1;�c2], for which the leading Lyapunov exponentλ is negative;
for instanceω = (1/2)ν, (3/5)ν, ν, (49/25)ν, (5/2)ν and 3ν. These numerical results confirm
our analytical predictions.



18 M. Belhaq and M. Houssni

Figure 12. The leading Lyapunov characteristic exponentλ is reportedversus�. This result corresponds toω = 2,
γ = 1.15,β = 1, ξ = 2, ω0 = 1, h = 0.574,ν = 0.5 andη = 0.25. The dashed line refers toη = 0 (unperturbed
case) for whichλ = 0.057.

Figure 13. The leading Lyapunov characteristic exponentλ is reportedversus�. This result corresponds toω = 2,
γ = 1.15,β = 1, ξ = 2, ω0 = 1, h = 0.574,ν = 0.5 andη = 0.03.

6. Conclusions

The paper is concerned with the dynamic analysis of controlling chaos in a one-degree-of-
freedom system with quadratic and cubic nonlinearities subjected to external and parametric
excitations having incommensurate frequencies.
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To construct an analytical approximation of the quasi-periodic solutions, a new method
requiring two steps is proposed. The first step mainly consists of transforming the original
quasi-periodic system to a reduced periodically driven one using the generalized averaging
method. This method can be viewed as an adaptation to quasi-periodic systems of the tech-
nique developed by Bogolioubov and Mitropolsky for periodically driven ones. Our original
contribution is the application of the multiple scales method in a second step to the reduced
system in order to construct an asymptotic expansion of the quasi-periodic solutions. The
advantage of this method is the realization of a nonlinear approximation of periodic solutions
of the reduced periodically driven system near the equilibrium points instead of the linear one.

Furthermore, the perturbation methods are usually applied to study the solutions close to
one resonance. In contrast, the proposed method provides the construction of an asymptotic
expansion to investigate quasi-periodic solutions close to several resonance points simul-
taneously. For instance, the formulation allows one to investigate the two resonance cases
p = 1; q = 1 andp = 1; q = 2. In addition, near the fundamental resonancep = 1; q = 1
considered here, three possible resonance casesn = 1;m = 1, n = 2;m = 1 andn = 3;m =
1 can also be investigated simultaneously.

The second contribution of this work is the realization of a suitable system control of
chaos by introducing a third harmonic parametric component into the cubic term. First, the
Melnikov technique is applied to the reduced averaged periodically driven system to predict
the occurrence of chaotic responses. By introducing a nonlinear parametric perturbation, we
have shown that the control of the chaotic dynamic in quasi-periodically excited oscillators can
be acheived. It has been shown that this complex dynamic can become regular provided that
the amplitude parameter of the resonant parametric perturbation is larger than some critical
value, and the frequency of the perturbation is in resonance with the frequency of the forcing
of the reduced system. Numerical support confirms the analytical predictions.

Appendix 1

CA
1 = −�f46, CĀeiσ̃ T2

(n/m)−1 = f48,

QA
1 = f5f6−�2f1f2−�2f3f4− �2A0

8kω
f9R + f14R +�2f16f17−�2f18f19

+ f20f21+ f20f22− (�A0)
2α̃u0

(8kω)2
f23− f26f49− α̃

2
f49− 1

4�2
f 2

48+
1

2
f46f49,

QĀA2

1 = �2A0

8kω
(f11− f9V )+ f14V + f15,

QĀeiσ̃ T2

1 = 1

2�
f26f48+ α̃

4�
f48− 1

4�
f46f48+ 1

2�
f48f49,

QA
(n/m)−1 =

4kω

A0
f29f48− A0u0

8ω
f18f48−

( n

m
− 1

) A0

8k

{
h̃

8
+ A0u0

8ω2
f20

}
f48,

QĀeiσ̃ T2
(n/m)−1 =

4kω�

A0
f29f46+�f4f31−�f18f33+ �A0u0

4ω
f18f49+ �A0

8kω
f41
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+�(f42+ f44)+ A2
0u0�

64kω2

{
2
( n

m
− 1

)
f49+ α̃

}
f20,

E = µCA
1 , F = µ2(QĀeiσ̃ T2

1 +QĀeiσ̃T2
(n/m)−1), G = µCĀeiσ̃T2

1 ,

H = µ2(QA
1 +QA

(n/m)−1), Aµ = µ2QĀA2

1

4
, H̃0 = (1− δn,m)(

1− n2

m2

) f̃

2�2
.

The quantitiesk, f̃ andfj are given by

k = A0

8ω

(
δ

2ω
+ A0

8ω
u2

0

)
, f̃ = h̃ωu0

2

(
δ

2ω
+ A0

8ω
u2

0

)
,

f1 = h̃ω

4
−
( n

m
+ 1

) A0u0

4ω
H̃0,

f2 = A0

8kω


 n

m
+ 1

�2
[
1− ( n

m
+ 1

)2]
[

γ

ω

(
3− n

m

(
A0�

8kω

)2
)
+
( n

m
+ 1

)2 A0u0�
2

4kω

]

+
( n

m
+ 1

) A0u0

4kω

)
A0

8ω
H̃0

−
n
m
+ 1

�2
[
1− ( n

m
+ 1

)2]
[

f̃

2u0
+
( n

m
+ 1

) A0�
2h̃

32k

]
− A0h̃

32k

 ,

f3 = h̃ω

4
+
( n

m
− 1

) A0u0

4ω
H̃0, f4 = −

(
A0

8kω

)2
[( n

m
− 1

) A0u0

4ω
H̃0+ h̃ω

4
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[
1+ n

m

(
A0�

8kω

)2
]

H̃0

}
− 4kωα̃

A0
f29,

f46= α̃

{
1+ u0

k

(
A0

8ω

)2 [
A0γ

16kω2
− u0

]}
,

f48= A0γ

8ω2

[
3+ n

m

(
A0�

8kω

)2
]

H̃0+
( n

m
− 1

) A0�
2

4ω

[
h̃ω

4
+
( n

m
− 1

)
u0H̃0

]
− f̃

2u0
,

f49= α̃

2

[
1− 1

2k

(
A0u0

4ω

)2
]
− 1

2
f46.

Appendix 2

u2,0 = −
(α

2

)2
u0 − A0γ

8ω2

{[
3+

(
A0�

4kω

)2
]

H 2
0 +

[
3+

(
A0�

8kω

)2
]

a2

4

}
+ f

u0
H0,

u2,2 = A0γ

16ω2

[(
A0�

8kω

)2

− 3

]
− u0

k

(
A0�

4ω

)2

, u2,(n/m) = 2�α

[
H0+ A0u0

64k
h

]
,

u2,(2n/m) = A0γ

16ω2

[(
A0�

4kω

)2

− 3

]
H 2

0 −
f

2u0
H0+ A0�

2

4kω

(
hω − A0u0

ω
H0

)
H0,

u2,(n/m)+1 = A0γ

8ω2

[
3− 2

(
A0�

8kω

)2
]

H0− f

2u0
+ 3A0�

2

32kω

(
3A0u0

ω
H0− hω

)
,

ν2,1 = A0α

16kω

{[
1− 1

2k

(
A0u0

4ω

)2
]
−
{

1+ u0

k

(
A0

8ω

)2 [
A0γ

16kω2
− u0

]}}
,

ν2,1b = A0

16kω�

{
A0γ

8ω2

[
3+ 2

(
A0�

8kω

)2
]

H0+ A0�
2

4ω

[
h̃ω

4
+ u0H0

]
− f

2u0

}
,

ν2,2 = A0

8kω

{
2

3�
u2,2+ �u0A

2
0

32kω2

}
,

ν2,(n/m) = A0

8kω

{
2

3�
u2,(n/m) + α

{[
1

k

(
A0u0

8ω

)2

− 1

2

]
H0− A0u0

64k
h

}}
,

ν2,(2n/m) = A0

8kω

{
− 4

15�
u2,(2n/m) + A0�

16k

[
h− A0u0

ω2
H0

]
H0

}
,
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ν2,(n/m)+1 = A0

8kω

{
− 3

8�
u2,(n/m)+1+ A0�

32k

[
3A0u0

ω2
H0− h

]}
,

ν2,(n/m)−1 = A0

8kω

{
A0�

32k

[
A0u0

ω2
H0+ h

]}
,

wherea = µas , H0 = µH̃0 andf = µf̃ .
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