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Nonlinear dynamic of composite stiffened panels to parametric and three-to-one internal resonances
is investigated. The ordinary differential equation of two mode shapes is established by using Galerkin
method and the condition of three-to-one internal resonance between the first mode (1,3) and the second
mode (3,1) is examined near the principal resonance 2:1 of the first mode. Then, the nonlinear behavior

of the two buckling mode shapes is analyzed using a perturbation analysis. We show the existence of
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jump phenomena for the two modes indicating a complex dynamic of the structure near the three-to-one
internal resonance for the HM Graphite/epoxy materials.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Stiffened composite laminated panels are widely used in many
engineering applications. Depending on its geometry and stiffness,
a stiffened plate can exhibit different buckling modes. Elishakoff
et al. (1995) investigated the effect of small structural irregular-
ity on the buckling load and the buckling mode of a rib-stiffened
plate. Shin (1999) examined the post-buckling behavior of rectan-
gular isotropic stiffened plates under in-plane compressive load.
Sapountzakis and Mokos (2008) established a general solution for
the analysis of plates stiffened by arbitrary placed parallel beams
of arbitrary doubly symmetric cross with deformable connection
subjected to an arbitrary loading. Karimin and Belhaq (2009) exam-
ined the effect of stiffener on nonlinear characteristic behavior
of a rectangular plate using a single mode approach. For other
applications, see Chien and Chen (2005), Featherston and Watson
(2006), Amabili and Farhadi (2009), Prusty (2008) and Bisagni and
Vescovini (2009). For a brief review of nonlinear modal interaction,
we refer the reader, for instance, to Chin and Nayfeh (1999) and
Touzé et al. (2002).

In this work, we perform an analytical treatment to investi-
gate nonlinear modal interaction of a composite stiffened panel
subjected to axial compression. We consider a plate composed of
finite number of orthotropic layers. The differential equation of the
deflection surface is established using Von Karman approximation
and classical lamination theory. The ordinary differential equations
of the two mode shapes are established using Galerkin’s method.
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Then, the condition of three-to-one internal resonance between the
first mode (1,3) and the second mode (3,1) is examined using the
multiple scale technique (Nayfeh and Mook, 1979).

2. Problem formulation
2.1. Local equations

The problem formulation of composite longitudinally stiffened
panels is organized as shown in Fig. 1a. We study the complete
structure using the portion of panel between stiffeners, as shows
in Fig. 1b by considering a plate of constant thickness h composed
of a finite number of orthotropic layers. Assume that the middle
plane of the plate coincides with the x-y plane, and the z-axis is
normal to the middle plane. The Von Karman nonlinear strains are
given by

£11 = €1 — ZWxx, €22 = €3 — ZWyy, €12 = Vg — 2ZWxy,

£33 =613 =¢623=0 (1)
1.2 1 2

e‘lZUx+§Wx,ez:Uy+§Wy,VGZUy+Ux+Wny (2)

here u, v, w are displacement components along x, y, z direc-

tions, respectively. The governing equations of the problem
obtained by applied the Hamilton principle can be stated as

t
/(8T—8H+6Wnc)dt:0 (3)
0

where W, denotes variation of the nonconservative energy Wi,
while variations of the kinetic and elastic energies T and 1 are
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Fig. 1. (a) Complete stiffened and structure modelled portion. (b) Portion of panels
elastically restrained along unload edges.

given, respectively, by

8T = — / / pD.8DdAdz (4)
zJA

oIl = //(0115811 + 022882, + 0330633 + 0236823
zJA

+0138€13 + 0128¢€12)dAdz (5)

where p is the mass density, A denotes the undeformed area of the
reference plane, D is the displacement vector of an arbitrary point
of the differential plate element under observation, the o;; are the
Jaumann stresses, and the g;; are the Jaumann strains (Nayfeh and
Pai, 2004).

Substituting Eqs. (1) and (2) into Eq. (5) yields

8 = //[O’11(8Ux + WxOWx — 20Wxx) + 022(8Vy + Wydwy — z6wyy)
zJA

+012(8Uy + Sux + Wxdwy + Wy dwy — 2206wxy)]dAdz (6)

Neglecting in-plane inertia terms, the equations of equilibrium
read

Nl,x +N6,y = O’ NG,X +N2,y = 0’ M],xx + 2M6,xy +M2,yy
+ (Nqwx + Newy), + (Newx + Nzwy)y = phw + uhw (7)

The internal forces N; and M; are related to the midplane strains
and curvatures as

Ny e1

N e

Ne | _ |:Aij Bj; ] V6 (8)
M] ij Dl] —Wxx

Mz —Wyy

M5 —ZWXy

For a symmetric cross-play laminate, we have

Ann Az O Dy Dz O
[Bjl=0, [Ajl=|A12 Ax O |, [Djl=|Dip Dy O
0 0 A66 0 0 D66
(9)

and for a plate made of a single orthotropic material, one obtains

h E11 v21E11 0
[Aj] = m————— | v21Enn  Ex 0 ’
‘1 —
(1-v12v21) 0 0  Gia(1-v12v21)

(D] = 5 h*1A;] (10)

Eq.(7) can be satisfied exactly by introducing the stress function
F(x,y, t) defined by

Ny =Fy, Ny=Fx, Ng=-Fy (11)
Then, Eq. (7) becomes

M1 xx + 2Mg xy + M2 yy + WxxFyy — 2WxyFxy + WyyFxx = phW + chw

(12)
and the compatibility equation is written as
elyy + €1 — 2€6.xy = (Wxy)® — WixWyy (13)
in which
e1 = S11Fyy + S12Fx, €2 = S12Fyy + S2oFxx, 266 = —SesFay (14)
where  (S11, S12, S22) = ((A22, —A12, A11)/A11A2 —A%,)  and

Se6 = 1/Ags. Substituting Eq. (14) into Eq. (13), we obtain the
second equation:

S22 Fxxxx + (2512 + S66 )Fxxyy + S11Fyyyy = (ny)2 — WxxWyy (15)

The moment and the transverse displacement w(x,y,t) are
related by

My Di1 Dy O Wix
My | =-[Di2 D O Wy (16)

0 0 Degg Wxy

Then, Eq. (12) can be rewritten as

PhW + Whw + D11Wxxxx + 2(D12 4 2Des )Wxxyy + D22 Wyyyy

= WxxFyy — 2WyxyFyy + WyyFxx 17)

The in-plane excitation of the laminated panels
P=Py—P4cos(§2t) is applied to the edges perpendicular to
the direction of the stiffeners, and the loaded edges are considered
simply supported. The boundary conditions are written as

b 52p
v=w=My=0 and / —zdy:—th at x=0, a (18)
o W
0 and M D D g W 0,b (19
w=0 an y = —(D12Wxx + Dpawyy) = Jmat y=0,b (19)

where GJ is the torsional rigidity of the stiffeners.
Introducing the following variables and parameter transforma-
tions

v W Xy YV p_Fo a1

w = h,X—a,y—b,F—D*,k—b,u—a mu,

= b%h 1 D+ a . E22h3

b= D+ P’-’:_ai2 Et’)\_E’D _12(]—V12U21) (20)

Egs. (15), (17), (18) and (19) can be rewritten in nondimensional
form as

s 2 v _ _
W A+ AW + SWx + 222 <V12 + 7 ( - ?)) Wiy + A Wyyyy

= )\z[wxxpyy - 2‘/_nyny + V_Vyyl_:xx] (21)

8Fux + (f — 2V12)Fxyy + A4 Fyyyy

2
=12)2 <l - v:;) [(Wxy)? = WixWyy ] (22)



216 A. Karimin, M. Belhaq / Mechanics Research Communications 38 (2011) 214-219

800

750
3w
700

650

600

frequency

550 0,<0
31

500 O

450

Fig. 2. Internal resonance. (a) Torsional rigidity of the stiffeners versus A. (b) Variation of three times the w13 natural frequency and the w13 versus A for A=1.4.

_ V1aAZ 192k
v=w=Mx=<wxx+ 133 wyy)=0and/0 837dy

=—Patx=0,1 (23)

_ _ _ REATY
W =0and My = —(v13Wxx + A2Wyy) = Amaty =0,1
where A =(GJ/bD), § =(E11/E22) and f=(E332/Gq3). Using the Galerkin
technique, the deflection surface is taken as in (Shin, 1999; Bisagni
and Vescovini, 2009) and given by

o0 o0

w(x,y) = Z Z Sin(mmx)[Wnn sin(nmy) + Winn(1 — cos(2nmy))]
m=1,3n=1,3

(24)

(25)
where the terms Wpn, Winn represent the amplitudes of functions
that satisfy simply supported and clamped conditions, respectively.
The equilibrium conditions between plate bending moments and
stiffener torsional moments are given by Eq. (24). Substituting Eq.
(25) into Eq. (24), the assumed form of out-of-plane displacement
reads

w(x,y) = Z Z Winn sin(mmx)[sin(nmy) + yYmn(1 — cos(2nmy))]

m=1,3n=1,3
(26)

where Y =(m2m/4nA2)A. We focus attention on the nonlinear
oscillations of a laminated stiffened panel in the first two modes
(1,3) and (3,1). Thus, we write the w in the form:

w(x,y, t) = q1()V1(x, y) + @2(O)P2(x, y)

where Vq(x, y)=sin(mx)[sin(3my)+y13(1 —cos(6my))] and ,(x,
y)=sin(3xx)[sin(ry)+ y31(1 — cos(2my))]. Substituting Eq. (27) into
Eq. (22), considering the boundary conditions, Eq. (23), and inte-
grating, we obtain the stress function as follows:

(27)

F(x,y,t) = —%f’y2 + c1(t)cos(2mx) + cx(t)cos(6mx) + c3(t)cos(2my)
+ c4(t)cos(4my) + cs(t)cos(6my)
+ cg(t)cos(12my) + c7(t)sin(y)

+ cg(t)sin(3my) + co(t)sin(9my)

17 28
+ ch(t)cos(inx)cos(jﬂy) + ch(t)cos(pﬂx) sin(qmy)
10 18

(28)

where (i, j)={(2,2), (24), (2,6), (2,8), (4,2), (44), (4.8), (62)}.(p,
Q)=1(2,1), (2,3), (25), (2,7), (2,9), (41), (43), (45), (47), (6,1),
(6,3)}.Substituting Eqs. (27) and (28) into Eq. (21), dropping the bars
and integrating, we obtain the following dimensionless equations
of motion:

G1(t) + 1481 (8) + (35 + TPy cos(£26))q1(t) + Taqa(£)*q1(t)

+ 03q2(0)q1(t)* + Taqe(t)* = 0 (29)
G2(t) + 42 (t) + (3, + &1 P4 cos($26))qa(t) + £2q1(t)?
+£01(0)°q2(t) + £4G2()* = 0 (30)

here, we examine the occurrence condition of internal reso-
nance between the (1,3) mode and the (3,1) mode for the
HM Graphite/epoxy materials by plotting the equation ws(A4,
L) —3w13(A, A)=0.The material properties for HM Graphite/epoxy
are given as: vi3 =0.25, =34.848 and f=1.375. Fig. 2a shows that a
three-to-one internal resonance (w3 ~3wq3) is possible for a cer-
tain range of the parameter plane (A, A). Fig. 2b shows the variation
of the frequency w13 and the frequency ws.

3. Method of analysis

To analyze the periodic response of the system (29) and (30) for
weak damping and nonlinearity, we use the method of multiple
scales by seeking a second-order uniform expansion in the form:

q1(t) = £q11(To, T2) + £3q13(To, T2)

42(t) = €q21(To, T2) + £3q23(To, T2) (31)

where Ty =t is the slow scale characterizing motions at the natural
frequencies and T, = €2t is a fast scale characterizing the modulation
of the amplitude and phase. We scale the damping . and the forcing
as u = 2t and Py = £2P,. Substituting Eq. (31) into (29) and (30)
and equating coefficients of like powers of &, we obtain at different
orders

D}q11 + @}3q11 = 0, D3qz + 3,421 =0 (32)
and
D3q13 + w¥3q13 = —[2DoD2q11 + fiDoq11 + 1Py cos(£2To)q11

+ 1203111 + T39219%, + Tag3,] (33)
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D3q23 + w%,q23 = —[2DoD2G21 + fiDoga21 + £1P4 cos(£2To)q21

+6203; + E39%,021 + €403, ] (34)

where Dj, = 09/d Tj. To proceed further, we describe the nearness of

w31 to 3w13 and £2 to 2wq3 by introducing the detuning parameters

o1 and oy as

w31 = 3w13 +82O‘2, Q=26{)13 +820’] (35)
The solution of Eq. (32) can be expressed as

q11(To, T2) = A(T2)e™13T0 + cc, ga1(To, T2) = B(T)e31T0 + cc - (36)

where cc denotes the complex conjugate of the preceding terms.
The quantities A(T,) and B(T,) are determined by eliminating the
secular terms at the next level of approximations. Substituting Eqs.
(36) into Egs. (33) and (34) and eliminating secular terms give

ne I I
DyA=— ‘ZLA+141 d AeiorT2 4 2A\BIZJHZ > A%Belo2T2
3y -
+12w143A|A‘2 (37)
DB =— ‘2‘3+12i2 AdeioaT +i> ‘53 |A|ZB+1 54 BlBl2 (38)
31

Letting A= a(T> )e®™2) and B=b(T )e"7’ T2) where a, b, 0 and ¢ are real
functions, separating real and imaginary parts, we obtain the slow
flow modulation equations of amplitudes and phases. This system
can be transformed into an autonomous one when defining

1 3
r=501lz -0, y2= (501 —02) T,-¢ (39)
One finally obtains
da M FlPd . 52F3 2 .
@ =20 Ty, O SN2 5o sinty, =3p1) (40)
adl = Szﬂa— F1Pda cos(2y) — Szjabz
d ~— 2 4w13 " 13
32F3 2 382F4 3
~ 5, @b coslyz =3y) - S5 =a (41)
db o, €% 3
= "5b- ﬁa sin(y2 — 3y1) (42)

dy, (3 £2&) 5
bﬂ =¢ (501 —Gz)b— w31a cos(y2 —3y1)

2
i P T 3¢? §4p3 (43)
w31 2w31
Equilibria of the slow flow (40)-(43) correspond to periodic solu-
tions of Egs. (29) and (30). These are obtained by setting, in system

(40)-(43), (da/dt)=(dy+/dt)=(db/dt)=(dy,/dt)=0. We obtain
2 R YT Py .
5 TR a“b sin(yy —3y1) = Tors a sin(2y4) (44)

2 2 2 2
go € I ab? — 3e4ly & e F3a2b cos(ys — 3y1)

2 w13 20)13 20)]3
TPy
= Jo ¢ cos(2y1) (45)
Hp_ £82 5 Gingy, — 3 (46)
2 2ws3q

3628, 3_ ¢ g 3
mb 203 5—==a> cos(y2 —3y1)

(47)

3 g2&
2(2 . _ _ 3 a2p —
& (201 az)b w31a b

4. Solutions and bifurcation

In this section, we analyze the frequency response curves using
the system (44)-(47). Indeed, Eqs. (46) and (47) can give the fol-
lowing expressions:

M3
- e25a3

_ 2w31 | (3 & 5 384 3
- 23 [(201 —02) b= a2 b (48)
Eliminating the angles in system (44)-(47) gives the general

relations for equilibria
2
w3 b? o &2r
3W31 I Ta_ 2 qb?
Sr13a 2 13

npg \* [
(4w13a) =z ¢

sin(y; —3yp) = 3D, cos(y2 —3y1)

382F4 3 & F3 w31 (3 )
_ a b ~01—-03 b
2w13 w13 & 277
3 36 )]’
_ 53 g2p 54 B3 (49)
w31 2w31

2 2
Hawsg 2w3; 3 & 38
(823;'2(13 b) + {5203 <(§al —(72) b— Fﬂq% o )} =1 (50)

Figs. 3-5 given by Eqgs. (49) and (50) illustrate the frequency
response of the two modes for different values of detuning s20, and
for Py =572, Py=3m2 and u =0.1. Note that the coupled solution for
the a-mode is designated by crosses, while the coupled solution for
the b-mode is designated by solid lines in the b-mode figures. Fig. 3
corresponds to €20, = — 1.004, Fig. 4 corresponds to 20, =— 0.93,
while Fig. 5 is plotted for €20, =0.0466. The plots given in these
figures indicate that for values of €20, smaller than —1, the sta-
ble periodic solution undergoes two bifurcations resulting in jump
phenomena. In the first bifurcation the amplitude of the a-mode
jumps down whereas the amplitude of the b-mode jumps up (see
Fig. 3). In the second bifurcation, the amplitude of the two modes
jumps down simultaneously.

For values of £20;, lying between —1 and 0, the stable periodic
solutions undergo three bifurcations (see Fig. 4). In the first bifur-
cation the amplitudes of the two modes behave as in the previous
situation (a-mode jumps down, while b-mode jumps up). In the
two other bifurcations, the amplitude of the two modes jumps in
the same direction simultaneously.

For values of e20, greater than 0, the stable periodic solutions
undergo two bifurcations and the amplitude of the two mode jumps
simultaneously in the same direction (see Fig. 5). Figs. 3 and 4 show
that the a-mode has a hardening characteristic, while the b-mode
may have a softening or hardening characteristic (see the b-mode
in Figs. 3 and 4).

5. Conclusion

In this work, we have investigated analytically nonlinear modal
interaction of a composite stiffened panel subjected to axial com-
pression. We have analyzed the nonlinear behavior of the two
buckling mode shapes near the principal resonance 2:1 of the first
mode (1,3) and three-to-one internal resonance ws; ~3w13 using
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a perturbation analysis. The results shown that the two mode solu-
tions coexistand the first mode clearly dominates the second mode.
Further, the results indicate that the two modes can undergo sev-
eral jumps when varying the detuning parameter 1. The jumps in
the amplitudes may occur simultaneously in the same direction or
in the opposite direction depending on the bifurcation location.
Also, it was seen that the characteristic behavior of the second
mode (3,1) can be of hardening or of softening type, while the
first mode (1,3) is always softening. The existence of jump phe-
nomena indicates the complexity of the dynamic near the 2:1
parametric resonance and the 3:1 internal resonance for the HM
Graphite/epoxy materials.
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